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Abstract

In Monte-Carlo photon-tracing methods energy-carrying particles are traced in an environment to generate it points
on object surfaces for simulating global illumination. The surface illumination can be reconstructed from particle hit
points by solving a density estimation problem using an orthogonal series. The appropriate number of terms of an
orthogonal series used for approximating surface illumination depends on the numbers of hit points (i.e. the number of
samples) as well as illumination discontinuity (i.e. shadow boundaries) on a surface. Existing photon-tracing methods
based on orthogonal series density estimation use a pre-specified or fixed number m of terms of an orthogonal series;
this results in undesirable visual artifacts, i.e. either near-constant shading across a surface which conceals the true
illumination variation when m is very small or excessive illumination oscillation when m is very large. On the other
hand, interactive user specification of the number of terms for different surface patches is inefficient and inaccurate, and
thus is not a practical solution. In this paper an algorithm is presented for automatically determining on the fly the
optimal number of terms to be used in an orthogonal series in order to reconstruct surface illumination from surface hit
points. When the optimal number of terms required is too high due to illumination discontinuity of a surface, a heuristic
scheme is used to subdivide the surface along the discontinuity boundary into some smaller patches, called sub-patches,
so as to allow a smaller number of terms in the orthogonal series to optimally represent illumination on these sub-
patches. Experimental results are presented to show that the new method improves upon other existing orthogonal
series-based density estimation methods used for global illumination in both running time and memory requirements.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Methods for global illumination computation are
categorized into two classes: view-dependent methods
and view-independent methods [1]. In a view-dependent
method, such as the classical ray tracing, a viewpoint is
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specified by the user and lighting information depending
on the viewpoint is computed to synthesize an image. In
a view-independent method, such as the classical radio-
sity, only the lighting information independent of the
viewpoint is computed and stored for subsequent image
rendering. The lighting information independent of the
viewpoint includes all the light energy interactions
between surfaces. Multi-pass methods combining both
view-independent and view-dependent light information
are the state of the art in global illumination computation.
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Although view-independent methods do not provide a
complete global illumination solution, they increase the
realism of three-dimensional (3D) virtual environments
significantly.

Monte-Carlo methods based on particle tracing is an
approach towards computing global illumination that is
currently under active research [2-17]. There are two
stages in a photon-tracing global illumination method: a
light transport stage and an illumination reconstruction
stage. In the light transport stage, energy-carrying
particles are emitted from light sources, traced through
the environment, and reflected from surfaces until they
are absorbed probabilistically. In the illumination
reconstruction stage, illumination on a surface is
estimated from the distribution of all particle-hit points
on the surface. The process is illustrated in Fig. 1.

Walter et al. [5] formulated the two-stage photon-
tracing global illumination method as a density estima-
tion framework, based on the fact that illumination
reconstruction from particle hits is an instance of the
well-known density estimation problem in statistics.
Several techniques can be found in the statistics
literature for solving the density estimation problem
[18], some of which have already been applied to solve
problems in computer graphics; these include the
histogram method [4,19], the kernel method [5,20], and
the orthogonal series estimator [3].

The success of a density estimation framework
depends on the performance of the density estimation
method used in the framework. In this paper we study
the application of the orthogonal series estimator in a
photon-tracing global illumination method. A critical
parameter in an orthogonal series estimator is the
number m of terms in a series used to best approximate
illumination on a surface patch; this number m should
be different for different surfaces, since it depends on the
number of samples (i.e. hit points) on the surface as well
as illumination discontinuity along shadow boundaries.
However, existing density estimation frameworks based
on an orthogonal series estimator use a fixed m for all
surface patches in a scene, thus causing either an overly

flat shading that conceals the true illumination variation
when m is relatively small or excessive illumination
oscillation when m is relatively large. Moreover, as will
be seen later in this paper, the typical values of m vary in
a large range. Hence, it is inefficient, and inaccurate, for
the user to specify appropriate values of m for different
surfaces.

We present a new adaptive orthogonal series estima-
tor that is integrated with a surface subdivision scheme.
Invoking established results from statistics, we deter-
mine automatically the optimal number of terms for
illumination approximation on a surface patch. When
this optimal number of terms becomes too large due to
significant illumination discontinuity, we subdivide the
surface patch into several smaller surface patches, called
sub-patches, so that the number of terms that should be
used on each sub-patch can be kept small, since high-
degree polynomials not only take extra time and
memory to process but also cause undesirable illumina-
tion oscillations. Our experimental results show that this
new density estimator outperforms other existing
photon-tracing global illumination methods based on
an orthogonal series density estimator.

The remainder of this paper is organized as follows: in
Section 2 we review some typical methods for solving the
density estimation problem in global illumination
computation. In Section 3 we consider determining the
optimal number of terms used in an estimation function
for illumination representation. In Section 4 we present
the adaptive nonuniform subdivision scheme. The
implementation of our method, experimental results,
and comparison with other methods are given in
Section 5. The conclusion is drawn in Section 6.

2. Density estimation and photon-tracing

The density estimation problem can be stated as
follows: given n independent samples {X,...,X,}
drawn from an unknown probability density function
f(x), derive a density function f (x) to approximate f(x).

>
b
AL,

e YD

Fig. 1. The photon-tracing process. Left: particles are traced through the scene. Middle: particle-hit points on the floor. Right:

estimated illumination of the floor.
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It is well known [19,21] that the illumination reconstruc-
tion process in a photon-tracing method is a density
estimation problem—the particles-hit points are the
sample points {X;}, and the irradiance is a scaled
probability density function f(x).

Note that all formulations in this paper assume a
single wavelength. In our implementation three color
components (R,G,B) are traced and computed indepen-
dently. One simple extension to more color bands is to
trace photons for each color band independently.

There are three commonly used techniques for solving
the density estimation problem [18], the histogram
method, the kernel method, and the orthogonal series
estimator, all of which have been used in computer
graphics to solve the photon-tracing global illumination
problem. Below we give a brief review of these
techniques. We use the one-dimensional case to illustrate
the idea, but note that it is the two-dimensional (2D)
case that is used in global illumination applications.

® Histogram: Suppose that the domain [a,b] of a
variable x is divided into sub-intervals [a + mh, a+
(m + 1)h], each of which is called a bin with width /.
Suppose that there are n samples in [a,b] with a
distribution f(x). Then the histogram estimator gives
the estimation function of f(x) by

f (x) = i} * (the number of samples
nh
in the same bin of x),

which is a piecewise constant function. Fig. 2 shows
an example of the histogram estimator.

The “meshing” technique [2,22,23] in computer
graphics is a variant of the histogram method, in
which each surface is normally subdivided into some
patches prior to the particle-tracing stage. The
illumination of each patch is a constant proportional
to the number of particle hits on the patch. Since the
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Fig. 2. The histogram estimator for the samples {2, 2.3, 2.5, 3,
4,4.3,58, 6.6, 8, 8.1}.

resulting estimation of illumination is a piecewise
constant function over a collection of patches
representing a smooth surface, a bi-linear interpolate
method, such as Gouraud shading, is usually used to
produce smooth illumination on a surface.

One problem with the “meshing” technique is that it
is unknown beforehand as to how finely a surface
should be subdivided; on the one hand, a very fine
subdivision may cause some patches to not capture
many particles sufficiently, resulting in noise and
artifacts in the estimated illumination, and on the
other hand, a very coarse subdivision may cause the
estimated illumination to appear overly flat, thus
concealing the details of illumination variation. This
problem can be addressed by the “adaptive meshing”
technique [4] which attempts to divide a surface
adaptively on the fly during the particle-tracing stage,
based on the current number of particles captured
by the patch. However, as constant illumination is
assumed, it still requires a fine surface subdivision, or
equivalently, a large number of small surface patches,
to represent a smoothly varying illumination or
illumination discontinuity. This means slow conver-
gence and excessive space consumption for attaining
a high accuracy of illumination computation.
Kernel estimator: Let K(x) be a kernel function
satisfying the condition [K(x)dx=1. A kernel
function is normally unimodal, i.e. having one peak
over its support. A kernel estimator gives the
approximate function by

N B ~ X
i=1

where h, called the kernel width, is the smoothing
parameter, which controls the smoothness of estima-
tion. Fig. 3 shows examples of a kernel estimator
with different kernel widths. The kernel function used
here is the Epanechnikov kernel [5] defined by

() = {%(1 — ) if X<,

0 otherwise.

From Fig. 3 we see that the choice of / affects the
smoothness of the resulting estimation; however, it is
not a trivial task to choose a suitable & [21]. The
kernel width should be narrow enough to capture the
details in density distribution, and at the same time, it
should be wide enough to avoid spurious fine
structures. A shortcoming of a kernel-based method
is that all samples need to be stored in order to
evaluate f(x). Hence the storage requirement be-
comes prohibitive for a large sample size, such as in
the photon-tracing global illumination computation.
Walter et al. [5] propose a photon-tracing algorithm
that uses a kernel estimator to reconstruct surface
illumination. In this algorithm the kernel width is
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Fig. 3. Kernel estimators with different kernel width.

selected using a heuristic method which requires a
large secondary storage to store all particle-hit
points.

Orthogonal series estimator: Let {¢;};~ be a complete
set of orthonormal basis functions on an interval 1.
Suppose that a density function f(x) is represented by

o0

10 =3 a0, xel,

i=0
where a; = [, f(x)$;(x)dx. An orthogonal estimator
is then given by

m
)= di(x) (1
=0
for some integer m >0, where &; is an estimation of a;.
Since the samples {X;} are drawn from the prob-
ability density function f(x),
w= [ S ds

— Flp,(X)]
~ 136
=

= &i: (2)

where X is a random variable following the prob-
ability density function f(x). Note that a; is an

unbiased estimator of g; [18]. In general, m in Eq. (1)
is much smaller than the sample size n; hence, instead
of storing all particle-hit points, one only needs to
update f (X) according to Eq. (2) with the arrival of
each new particle on a surface and to store a small
gumber of coefficients {@; : i = 0,...,m} to represent
Ful0):

Clearly, the optimal value of m, i.e. the number of
terms in Eq. (1), depends on the number of sample
points and the variation of f(x). It is a tricky task to
pre-specify appropriate values of m for different
surfaces in a complex scene, since the number of hit
points and illumination discontinuity on a surface
patch are unknown at the beginning and they only
become available gradually with the progress of the
particle-tracing process.

Feda [3] and Tobler et al. [4] give two photon-tracing
algorithms based on the orthogonal series estimator.
In both methods the user needs to specify the
parameter m for each surface. Our investigation
shows, as will be seen in detail shortly, that this
treatment is tedious and prone to inaccuracy,
and is thus not a practical solution for a complex
scenario.

2.1. An overview of our method

We propose a new photon-tracing global illumination
method that combines two ideas to make the orthogonal
series estimator practical for photon-tracing applica-
tions. First, our method automatically determines for
each surface the appropriate number of terms that
should be used in the orthogonal series. Second, when
illumination discontinuity entails a large number of
terms, we subdivide the surface adaptively to better
capture illumination discontinuity. Hence, the method
combines the advantage of an orthogonal series
estimator for modeling smooth illumination variation
and that of adaptive subdivision for modeling illumina-
tion discontinuity.

The integration of an orthogonal series estimator and
surface subdivision has been motivated by the work of
Tobler et al. [4]. However, there are two major
differences between our method and the method of
Tobler et al. [4]: (1) the optimal number of terms used in
an orthogonal series for each surface patch is deter-
mined automatically in our method, while this number is
specified by the user in the method of Tobler et al; and
(2) using image-processing techniques and orthogonal
series over quadrilateral and triangular domains, we
adaptively subdivide a surface patch along a direction
that best fits illumination discontinuity, while only
uniform subdivision of rectangular patches is considered
by Tobler et al.

This paper reports on an extension to and improve-
ments over our previous work presented at Pacific
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Graphic 2000 Conference [24] in terms of the following
aspects:

® Experimental evidence is now provided to show the
need for using different number of orthogonal
polynomials terms for different surfaces in order to
achieve optimal illumination reconstruction. This
evidence was absent in [24].

® Non-uniform surface subdivision is now incorpo-
rated into our method, and for this purpose,
computation using orthogonal polynomials on the
triangular domain is now studied. In comparison,
our preliminary work in [24] considers orthogonal
polynomials on rectangular domains and thus sup-
ports only uniform subdivision.

® A novel application of adaptive-width low-pass filters
is proposed in the present paper for removing
discontinuity between reconstructed illumination
approximating functions on adjacent surface patches.
This improves significantly the visual quality of
output images, as compared with the treatment based
on polynomial interpolation in [24].

Since our method falls into the category of a view-
independent global illumination algorithm, this method
can deal with a static scenario with camera movement.
Moreover, the method can only deal with diffuse
surfaces, because in the density estimation stage we only
consider the particle-hit positions without considering
the incoming direction of the particles.

3. Optimal number of terms for best approximation

In this section we discuss the motivation and
technique for determining the optimal number of terms
in an orthogonal series for approximating surface
illumination.

3.1. Error of an orthogonal series estimator

We first consider the error of an orthogonal series
estimator. Throughout this paper we use a bivariate
orthogonal series over a quadrilateral domain that is
derived from the Legendre polynomials and an ortho-
gonal series over a triangular domain that is derived
from the Jacobi polynomials (see the description of these
two orthogonal series in Appendices Al and A2,
respectively). However, the ideas presented apply to
other orthogonal series as well. There are different
orthogonal series with different approximation proper-
ties. The comparison of these different orthogonal series
regarding their applications to solving the density
estimation problem is beyond the scope of this paper.

The error of an estimation based on a particular set of
samples {X1,...,X,} is measured by the integrated-

square error (ISE) [18] defined by

ISE = / [f(x) — f(0)] dx.
I
The average error over all possible sample sets is

measured by the mean-integrated-square error (MISE)
defined by

MISE = E{ / [ (x) — P dx}. A3)
I
Since an orthogonal series estimator is used, we

substitute the expression of fn,(x) in Eq. (1) for f(x)
into Eq. (3) to obtain

m o0 2
MISE = E /I [Z(ai—af)asi(x)— 3 aiqs,-(x)} dx

i=0 i=m+1
m o0
=F Z(&,‘—a[)z-f— Z 6112:|
i=0 i=m+1
m o0
= Var@)+ > a. 4)
i=0 i=m+1

where Var(a;) is the variance of @;, and a; is an unbiased
estimator of a;.

Eq. (4) illustrates the well-known tradeoff between
variance and bias in the density estimation problem [18].
The first term is the error introduced by the variance of
the estimator due to the error in approximating «; by a;,
which is in turn caused by an insufficient number
of samples, and the second term is the bias of the
estimator due to truncation of the infinite series
Fx) =222 aidy(x).

Fig. 4 shows the consequences when the values of m
are not set properly. Given a fixed sample set, in the left
image all surfaces use only the constant term in the
orthogonal series, i.e. m =0, leading to flat shading.
This occurs because truncating off all the terms except
for the constant one of the infinite series introduces a
large bias in the estimator. In the middle image all
surfaces use m = 45 terms in the series, which are too
many for those surfaces with few particle hits; as a
consequence, the variance in the coefficients a; causes
excessive illumination oscillation. In the right image,
appropriately chosen values of m are used for different
surfaces—relatively small values of m are used for those
surfaces with few particle hits or smooth illumination,
and relatively large values of m for other surfaces.
(See Fig. 5 later in this section for the distribution of m.)
The resulting image is much improved as compared with
the other two.

We now return to the analysis of the error measured
by (4). Clearly, Var(a;) — 0 when n approaches oo, and
in this case a larger m leads to a smaller error, which is
S e1ar. However, since n is finite, the variance of 4
may contribute significantly to the total error, especially
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Fig. 4. Different numbers (1) of terms to use: fixed vs adaptive. Left: all surfaces use m = 0, and the illumination appears flat. Middle:
all surfaces use m = 45, and illumination oscillation occurs on some surfaces. Right: different values of m are used for different

surfaces, producing a better image.

when n is relatively small. Therefore, given a finite
sample set {X7,..., X}, we should select an appropriate
value of m to attain a balance between the first term and
the second term of Eq. (4) and, as a result, to minimize
MISE. Substituting (2) into (4), we obtain

1 m n 2 o0 )
MISE~ 77 2 [2d; — (n+ l)a,-]+; az, ©)
where d; = %Z;’:lqﬁiz(X ;). The details of deriving (5) can
be found in [25,26]. So we need to choose a number m
which minimizes the MISE, or equivalently, minimizes
the function

I &Ko )
Jom) =-— ; [2d; — (n + 1)a7],
since the second term on the right-hand side of Eq. (5) is
independent of m.

3.2. Characteristics of J(m)

In this subsection we use several scene setups to study
the characteristics of J(m) and develop a strategy for
determining the optimal value of m. Consider the five
scenes shown in Fig. 5. In the first three scenes the
receiving surfaces contain a smooth illumination, while
in the last two scenes the receiving surfaces contain
illumination discontinuity. In the left column of Fig. 6
the functions J(m) are plotted against m, where m is in
the range [0, . . ., 60], for the receiving surfaces in the five
scenes, with three cases of the surfaces capturing 400,
1600, and 6400 particles, respectively, for each setup.
The right column of Fig. 6 shows the computed
coefficients a; plotted against i.

The following observations can be made from the
charts in Fig. 6:

® The patterns of J(m) fall into two categories: (i) For
the first three scenes in which the irradiance is
smooth, an optimal m, denoted by m*, exists such
that it minimizes J(m). In this case J(m) increases or

remains unchanged for all m>=m*. (ii) For the last
two scenes where there is strong illumination
discontinuity, there is no such “optimal” m, and in
this case J(m) decreases as m increases. Therefore, to
reduce the error in the latter case one would have to
use a very large value of m, i.e. to include many terms
in the orthogonal series estimator, but this would be
inefficient and may even introduce more errors due to
the inherent oscillation of a high-degree polynomial
when the number of surface hit point is relatively
small; large local oscillations may not be revealed by
MISE, which is an L-type error measurement. This
observation suggests that a surface subdivision
scheme should be used to better capture illumination
discontinuity.

The value of m* is not stable for smooth irradiances
when the number of particle hits, denoted by n, is
small (e.g. n = 400), i.e. m* may shift to a larger value
when the number of particles captured increases.
However, m* becomes stable when n is relatively
large, e.g. for n = 1600 or n = 6400. So we suppose
that n>2000 is sufficiently large for obtaining a
stable m*. This observation suggests a “‘check point™
in our algorithm, i.e. when the algorithm should
verify and determine whether a surface has illumina-
tion discontinuity or not; this will be discussed in
more detail later.

The function J(m) is not necessarily monotonic; it
may have multiple local minima in some cases. This is
illustrated by the first scene in Fig. 5 and its charts in
Fig. 6, when n =400. Since the illumination is
symmetric on the receiver, there is no linear variation
over the entire surface; consequently, the coefficients
for the linear terms (with i = 1, 2) should be zero, and
thus including these terms in the series should not
cause any problem. However, as variance exists, the
computed coefficients a; and a, are non-zero, so
including these two linear terms may increase
the error. Including further terms in the series (e.g.
the three quadratic terms with i = 3,4,5) will then
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reduce the error. This explains why the function J(m)
may have local minima which are not globally
minimal.
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We have also examined the function J(m) for two
other more complex scenes. One is the scene of a Cornell
box with one light source and 18 surfaces, and the other
is an office scene with 4 light sources and more than 300
surfaces, as shown in Fig. 7. We observe that J(m)
exhibits the same behavior in these two scenes as in the
simple scenes in Fig. 5. Moreover, for all of the scenes
we experimented with, the values of m* for most surfaces
fall in the range [0, . . ., 30], except for a few surfaces with
strong illumination discontinuity, which require m* to
be larger than 30. Furthermore, within the range
[0,...,30], the values of m* are distributed in a rather
random manner, and, in fact, are strongly dependent on
the smoothness of illumination. This implies that it
would be an extremely difficult and tedious task for the
user to specify even a nearly optimal value of m for each
surface in a small scene, let alone a complex scene. These
observations provide the motivation, as well as basis, for
devising an automatic method for selecting the best
value of m for each surface.

3.3. Automatic determination of m

Since J(m) may have multiple local minima, to avoid
being trapped at a local minimum, one cannot simply
increase m incrementally until J(m + 1) >J(m). Rather,
the following strategy is adopted. Based on our extensive
testing, we set M = 30 to be the upper bound on the
number of terms that will be used in the orthogonal
series estimator for any surface. M = 30 is appropriate
in the sense that it is large enough to allow enough terms
for modeling smooth illumination accurately and, at the
same time, not too large to compromise computational
efficiency; after all, if the optimal value of m exceeds
M = 30, it is normally the case where there is strong
illumination discontinuity, and in this case it should be
more efficient to subdivide the surface than using
excessively many terms in the estimator.

With M fixed, we choose a value m* that minimizes
J(m) for all m< M. Note that the value of m* of a
surface depends on the number of particles captured by
the surface, especially when the sample size is small.
However, regardless of the sample size, our algorithm
always yields the most appropriate m* for each surface,
subject to m* < 30.

One remark is in order about calculating the function
J(m). Since J(m) involves the particle-hit points, it

Fig. 5. Test scenes for investigating the behavior of J(m). The
left column shows the scene setup, and the right column shows
illumination on receivers. From top to bottom: one light source
without blocking, three light sources without blocking, one
light source placed perpendicular to the receiver, one light
source placed perpendicular to the receiver and moved inward,
and one light source with a triangle-shaped obstacle. Each light
source is represented by a rectangle.
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Fig. 8. Results without surface subdivision. From left to right: front view, top view, analytical solution, and approximating function
for reference. The estimator uses m = 45 terms.

cannot be pre-computed. However, even though d; and 4. Adaptive surface subdivision

a; need to be updated on every particle hit, J(m) does

not—we compute J(m) only when we wish to find out Simply increasing the number of terms in the
the m* for a surface, either before the final rendering (i.e. estimation function would not produce a good approx-
after all particles have been traced) or for deciding imation of illumination discontinuity on a surface,
whether a surface should be subdivided or not. This is because of the inherent oscillation of a high-degree

described in detail in the next section. polynomial. Fig. 8 shows two simple scenes to illustrate
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this difficulty. Even though a large number of terms are
used, the polynomial still fails to produce a good
approximation of illumination for the two scenes.
Moreover, the visual artifact is even worse in the region
with a low gradient, due to oscillations inherent to high-
order terms.

A natural solution to the above problem is to
subdivide a surface patch with a high illumination
gradient into small sub-patches so that lower degree
polynomials can be used to better approximate the
illumination distribution on these sub-patches. In this
section we will address the following issues with this
subdivision scheme: (1) detection of surface patches
with high illumination gradients; (2) non-uniform
subdivision of such surfaces along the edge of an
illumination gradient; and (3) rendering with recon-
structed irradiance.

4.1. Detection of illumination discontinuity

Since a surface patch with a high illumination
gradient normally entails a large number of terms in
an orthogonal series for illumination approximation, we
detect such surfaces by verifying the value m* it requires,
i.e. if m*>30. Specifically, during the particle-tracing
stage, we compute the optimal m* for the surface after it
has captured N particles. If this m* reaches a pre-defined
value M, say 30, then the surface needs to be subdivided.
The value of N can be chosen within the range from
2000 to 5000, which, as we have observed, ensures a
sufficient number of particle hits to yield a reliable
estimation of m*. Fig. 9 shows the results with surface
subdivision for the same two scenes as in Fig. 8. Note
that a uniform subdivision is used in these examples for
simplicity of discussion, while our general scheme allows
a non-uniform subdivision as will be introduced below.

4.2. Non-uniform surface subdivision

Both uniform and non-uniform surface subdivisions
are widely applied in computer graphics. Uniform
subdivision means that a surface element is subdivided
in a regular manner, such as dividing a rectangle into
four smaller ones of the same size that have the same
aspect ratio as the original rectangle. By non-uniform
subdivision we mean here cutting along a straight line to
divide a quadrilateral or a triangle into some quad-
rilaterals or triangles. Hence, uniform subdivision is a
special case of repeated non-uniform subdivision.

Although non-uniform subdivision allows the sub-
division boundary to better fit the boundary of
illumination discontinuity than uniform subdivision
does, and is thus more efficient in terms of both time
and memory, only a uniform subdivision has been used
in adaptive meshing for Monte-Carlo photon-tracing
algorithms, such as in [4]. This is because most adaptive

f
+

L

Fig. 9. The result of the new estimator with surface subdivision
added.

meshing methods for photon-tracing use the so-called
preview level technique to decide whether a surface
should be subdivided. More specifically, with the preview
level technique, a surface patch at the current level is
subdivided into a finer preview level consisting of several
sub-patches. Then the sub-patches at the preview level
are used to keep track of particle hits. After a sufficient
number of particles have been captured, the respective
numbers of particles captured by the sibling sub-patches
at the preview level are compared to decide whether the
parent patch at the current level should be subdivided; if
yes, the sub-patches at the preview level become surface
patches at the next level. Since a surface at the current
level is subdivided into the preview level before
illumination estimation takes place, no information
about illumination discontinuity is available to help
decide the best way of subdivision. As a consequence, it
is only natural for these methods to subdivide surfaces
uniformly.

In contrast, non-uniform subdivision is used in our
method. When a surface patch is detected to contain
illumination discontinuity, we subdivide the surface
along a line that fits the boundary of the illumination
discontinuity. There are different ways of finding the
boundary of illumination discontinuity. One may
compute the derivatives of the estimated illumination
function derived from the sample points using a similar
formulation of Egs. (1) and (2). For example, the second
derivative of an estimation function can be estimated by

k
f;(x) = Z 5[¢i(x), for some integer k>0, 6)
i=0
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where

r 1 & ”

bi=—3 /X)), @)
=1

Details of this derivation can be found in [27]. A
problem with this approach is that extra memory is
needed to store the coefficients {l;,-} for each surface;
moreover, the running time would also increase since
more computation is needed for every particle hit.

We use the following alternative in our implementa-
tion. The illumination estimation on a surface patch is
first treated as a 2D image and then sharp illumination
changes are located with a standard edge-detector based
on the zero-crossing property of Laplacian filtering [28].
Specifically, when a surface needs to be subdivided, the
estimated illumination of the surface is rendered as a
low-resolution image (usually 256 x 256 is sufficient).
Then the image is convolved with the Laplacian of a 2D
Gaussian function in the form

242
202 )’

G(x,y) = exp (— ®)
where ¢ is the standard deviation of the Gaussian
function. Then the zero-crossing of the convolved image
indicates the edge where there is a high-illumination
gradient. Finally, the Hough transform [28] is used to
find a straight line that best fits the edge. (Hough
transform is commonly used in image analysis to fit a
line to a set of nearly collinear points.) This process is
illustrated in Fig. 10.

Although we use the zero-crossing technique, we
believe that any other edge-detection technique should
be equally applicable. No matter which particular edge
detector is used, edge detection is not, in general, a
very efficient procedure. However, in our method
edge detection is performed only when necessary,
i.e. when a surface is detected to contain a high-
illumination gradient, a condition indicated by m* > 30.
Therefore edge detection is not triggered for smoothly

a4

illuminated surfaces, which are normally the majority of
all surfaces.

Fig. 11 shows the results of the non-uniform subdivi-
sion scheme. Note that in order to have a regular
functional domain on each subsurface, the resulting
subsurfaces are triangulated after each subdivision. We
see in these images that the non-uniform surface
subdivision scheme cuts the surfaces at a location closer
to illumination changes than uniform subdivision does;
hence, it produces a better image quality than the latter.

Fig. 11. Non-uniform surface subdivision. The first image on
the first row is generated using uniform subdivision, and the
first image on the second row is generated using non-uniform
subdivision. Note that, with fewer subsurfaces, non-uniform
subdivision produces better results than uniform subdivision
does.

Fig. 10. The zero-crossing method for edge detection: (left) illumination on a surface by an analytical solution; (middle) estimated
illumination before subdivision; (right) the white curves indicate zero-crossings of the convolved image, and the red line represents a

subdivision line generated by our algorithm.
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4.3. Illumination composition and rendering

Upon completion of the particle-tracing stage, we
need to compose the illumination estimations at all
subdivision levels to produce the final illumination.
When a parent patch is subdivided, each of its sub-
surfaces will have its own density estimation function,
and subsequent particles hits on the surface will be
captured by the sub-surface. Note that the coarse
illumination estimation of the parent patch must be
retained, because it accounts for the contribution of the
energy transported by particles before surface subdivi-
sion; this coarse estimation function will be super-
imposed to its sub-patches’ illumination estimations
before rendering the final image.

Since illumination estimations of adjacent sub-patches
are approximated by different functions which may not
agree with each other along their shared boundaries, the
image rendered with the composed illumination directly
without any processing would contain discernible
discontinuities along subdivision boundaries. To miti-
gate this problem, we propose a solution based on a low-
pass image filter. We first render the estimated illumina-
tion of all sibling sub-patches to form an image of their
parent patch. Then we apply a 2D low-pass image filter
[28] to smooth out the discontinuity across subdivision

-1 -2 -1 -1 0 1
0 0 0 -2 0 2
1 2 1 -1 0 1

Fig. 12. The Sobel masks. (left) The horizontal mask and
(right) the vertical mask.

boundaries. Since we only wish to remove the visual
artifacts along the subdivision boundaries without
affecting the estimated illumination in other continuous
regions, we use a filter with adaptive width. Ideally, the
filter width should be large near discontinuity across
subdivision boundaries, and should taper down to zero
toward the interior of a sub-patch.

However, when a non-uniform surface subdivision is
applied, the subdivision boundaries on a surface form an
irregular pattern. Moreover, if we look at the illumina-
tion across a subdivision boundary, there exist both
smooth illuminations and discontinuities along the same
boundary. These features make it hard to decide the
filter width by merely considering the location of the
subdivision boundaries.

Our algorithm chooses the filter width directly from
the image before smoothing. First, we find the illumina-
tion gradients of each pixel in the image by applying a
gradient mask, such as the Sobel masks shown in
Fig. 12. Then for each pixel the low-pass filter width will
be chosen depending on the illumination gradient at that
pixel: a large filter width will be used if the gradient is
large; otherwise, a small filter width will be used.

Note that this method does not consider the location
of surface subdivision boundaries. We only consider the
illumination gradients of the surface. This may lead to
one problem: the illumination will be smoothed out in
some regions away from subdivision boundaries. How-
ever, as continuous polynomials are used as the basis
functions, the illumination gradients in an interior
region will be much smoother than the discontinuities
across a subdivision boundary. There artifacts are
generally minimal and not noticeable, and satisfactory
results have been obtained with this method in our
experiment.

Fig. 13 shows this rendering process. The image on
the left shows the illumination of a surface without
interpolation or smoothing, in which we can clearly see
the illumination discontinuity due to surface subdivi-
sion. The illumination gradient of the first image is
shown in the second image, where the darker color

Fig. 13. Adaptive width low-pass filtering. From left to right: (1) a rendered image without interpolation; (2) illumination gradients
and filter widths to be used, the darker color being for a larger filter width; (3) the final rendered image after adaptive low-pass filtering.
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Fig. 14. Final rendered images. From left to right: FOSE, AM-C, AM-H, NEW. From top to bottom: 10%, 10*, 10°, 10°, and 107

particles are traced.
indicates a higher illumination gradient, and therefore a

larger filter width. The rightmost image is the final
rendered image after low-pass filtering is applied.

5. Implementation and results

In this section we present experimental results on the
new photon-tracing global illumination method we have

proposed. Since our method is a combination of the
orthogonal series estimator and the adaptive meshing
approach, the following four different methods have
been implemented for comparison in terms of running
time, memory requirement, and L, error (ISE).

(1) FOSE: The orthogonal series estimator with a
user-defined m, i.e. the number of terms in the
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illumination estimation function, and without sur-
face subdivision.

(2) AM-C: The adaptive meshing method of Tobler
et al. [4] with constant illumination.

(3) AM-H: Same as (2), but with a higher order
estimation function for each surface. The number
of terms used, i.e. m, is defined by the user (see
below).

(4) NEW: Our new method.

These four methods are applied to the scene of a
Cornell box. Two surface patches were selected for
study—the floor, which has a large illumination varia-
tion, and the red wall on the right, which has a smooth
illumination variation. To accommodate for their
difference in illumination smoothness, 45 terms were
used for the floor and 15 terms for the red wall in both
AM-H and FOSE. For error measurement, the illumi-
nation computed with the four methods was compared
against a reference solution which was generated by
shooting 10 particles in the scene. A texture of size
200 x 200 was used to capture particle hits on each
surface (Figs. 14, 15).

The results are shown in Fig. 16 and Fig. 17. Running
time, memory used, and L, error (ISE) of the two
surfaces are plotted against the number of particles
traced. Also, Fig. 14 shows a sequence of images
generated by the four methods for the Cornel box scene
with an increasing number of particles traced.

The statistics and images lead to the following
observations:

® Error vs. the number of particles: FOSE gives the
largest error. The error is bounded from below and

Fig. 15. A complex scene rendered by the new method.
Artifacts on the chair show a shortcoming of the photon-
tracing global illumination method.

not improved by increasing the number of particle
hits. AM-C and AM-H, i.e., the two adaptive
meshing methods, produce smaller errors, thanks to
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the use of surface subdivision. But AM-C uses
excessive memory to store the mesh structure in
order to achieve this small error. Meanwhile,
although the AM-H method avoids this storage
problem, this method is impractical for a complex
scene since the user would have to specify a suitable
m for each surface, which is a very difficult task as
explained earlier in Section 3. Finally, the error
produced by our method is the smallest among the
four methods, provided that reasonably many
particles are traced, e.g. greater than 10,000.
More importantly, our method does not require
the user to specify m*, the optimal number of terms
in the illumination estimation function for each
surface.

® Running time vs. the number of particles: as shown in
Fig. 17, AM-H takes the longest time to trace the
same number of particles, because the method has to
evaluate a high-order irradiance at both the preview
level and the current level for every particle hit. Our
new method takes a longer time than AM-C or FOSE
because it has to evaluate the function J(m) for all
m< M, in order to obtain a more accurate illumina-
tion estimation. The timing statistics were obtained
on a PC with a P4 3.0 GHz processor and 1 GB main
memory.

® Running time vs. error: Fig. 18 plots the L, error
against the running time used in the four methods. It
shows that, given the same running time, the new
method attains the smallest error among the four
methods. In other words, to achieve the same error
level, our method requires to shoot fewer particles
and runs faster.

Fig. 15 shows a synthesized image of a computer
laboratory generated by the new method. The model
contains 16, 000 triangles. In total 107 particles were shot
from the light sources and traced until absorbed
probabilistically, up to a maximum of 10 rebounds.
The computation took 2.2h on the same PC with P4
3.0 GHz processor and 1 GB memory.

6. Conclusions

We have presented a new method for estimating
surface illumination in photon-tracing global illumina-
tion applications. The method improves the standard
orthogonal series estimator in terms of two aspects.
First, the new method determines adaptively and
automatically the appropriate number of terms from
the orthogonal series that should be used for each
surface. Second, to improve accuracy, the new method
adaptively subdivides a surface which has illumination
discontinuity. As a result, to achieve the same
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Fig. 18. L, error against running time.

error level, the new method requires shooting fewer
particles, and therefore uses less memory, and runs
faster. These improvements make the orthogonal series
estimator more practical and usable for illumination
computation.

There is still much work to be done for future
research. As shown by the chair in the lower-right
corner of the image in Fig. 15, tiny surfaces may not
receive enough particle hits unless an extremely large
number of particles are shot, which is clearly a
computationally inefficient approach. Hence, an impor-
tant future research problem is to find a functional
representation of the irradiance that depends only on
surface geometry, but is independent of a particular
representation of this geometry, i.e. the underling
mesh size.

There are many kinds of orthogonal basis functions,
such as Fourier series and wavelets, with different
approximation properties. Therefore, another problem
is to study whether any of these basis functions is
most suitable for photon-tracing global illumination
applications.
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Appendix A. 2D orthogonal basis functions
A.1. Basis functions for quadrilateral surfaces

The 1D Legendre polynomials are generated by the
following recursive formulas [29]:

Po(x) =1,
Pi(x) = x,

(n+ DPy1(x) = 2n+ 1)xP,(x) — nP,_1(x).

The normalized Legendre polynomials are

Pr(x)=1/n+ %Pn(x).

A 2D basis {Q,(x, )} over a quadrilateral domain can be
generated by multiplying two 1D polynomials in
different variables [29]. Therefore, the first six terms in
the 2D Legendre basis are

Oy(x, ) = Pi(x)P(»),  Q3(x, ) = P3(x)P5(p),
01(x,y) = PI{)P(y),  Q4(x, ) = PI(X)PI(p),
Or(x, ) = Pi()P1(y),  Os(x,y) = Pi(x)P3(y)

and so on. Fig. 19 shows the graphs of these six terms.
A.2. Basis functions for triangles

The basis functions given in the last section are not
orthogonal over a triangular domain. However, most
modeling packages in the computer graphics industry
tessellate all input primitives into triangles. Hence, it is
of paramount importance to consider how to use
orthogonal series to represent irradiances over a
triangle. In the following we briefly introduce the
method given in [29] for constructing an orthonormal
basis which can be used for triangular domains.

The method starts with 1D Jacobi polynomials. With
arbitrary o, f> — 1, 1D Jacobi polynomials are gener-
ated by the following recursive formula:

Jf)“’ﬁ)(x) =1,
PP ) = Lo+ B+ 2)x + (2 — )],

Tl )
_Qnt+a+p+1)Cn+o+p+2)
o 2n+Dm+a+p+1)
Qutotf+DOC—F) oy
2+ Dn+oa+ 4+ 1D)R2un+oa+p) "
m+Dn+oa+p+D2n+a+p) "t
The normalized Jacobi polynomials are

JP )

_ [t Brnt D+ pmt D) o
2 e B+ it fn D)

xJ ff’ﬁ ) (x)

(x)

(x).

(x).

The Jacobi polynomials are orthogonal over the
interval [—1,1] with respect to the weight function
(1 = %)*(1 + x)". Therefore,

1
/ =9+ 0PI 05D () dx = 8.

Note that the Legendre polynomials used in [24] are a
special case of the Jacobi polynomials, with both ¢ and f
set to zero.

Now, with arbitrary a, §,y> — 1, define

Aui(x,) = ALV (x, )

— (1 _ x)kjf’lz_k;’ﬁ+7+lﬂ)
)
x(2x — 1)JIP (—y - 1).
I —x

Fig. 19. The first six terms of 2D Legendre basis functions over a quadrilateral domain.
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Below we show that the polynomials {4, (x,y)} are
orthogonal over the triangular domain 7 = {(x,y):
0<x,y<1,0<x+ y<I1} with respect to the weight
function x*y#(1 — x — y)'.

1 1—x
I— / / XYL = x = ) A3, 9) Ay (x, ) dx dy

X(2x )J ﬁjﬁ’”’““)(zx— 1)

1—x
N [/ - )Uw)( 2y 1)
y=0 1 —x
XJA(M) —2y —1|dy|dx
s 1 —x ’

Let 2y/(1 — x) — 1 = t. Then

I / (1- kﬂ o J(2k+li+y+1zx)

(2s+[)’+y+1 )

x(2x —1)J,,_ 2x — D=
ﬁ+ +1 1
x [(1 ;’“) ' | asota-yi
JP ) dr} dx.

The term inside the square brackets is zero if k#s. When
k=s,

1 1
I = 25+y+1 / (1 _ x)2k+ﬁ+v+1xoc*
x=0

(2k+ﬁ+‘y+1 o)

AQRk+p+y+1,0)

xJ, i 2x-1)J,,_

(2x — 1)dx.

Fig. 20. The first six terms of 2D basis polynomials over a triangular domain.
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Fig. 21. Cornell box made up with triangles. From left to right: surfaces before subdivision, after subdivision, and the final rendered

image.
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Let 2x — 1 = ¢. Then

1 ! , ‘
I= S (0= 0 s
t=—1

52k+p+y+1.2) ~(k+B+y+1,2)

X Ik (0, s () dt
1 )
= S Onme ©)

To simplify computation, we can simply pick o« = § =
y = 0 so that the weight function becomes 1. Also, from
Eq. (9), we know that A4, (x,y) can be normalized by

multiplying the term /23 As a result, the orthonor-
mal basis polynomials for the triangle T are

Iay,,k(x, y) — /22k+3(1 _ x)kjflz_klj—l’())

x(2x — 1).}20’0) <127y — 1).
—x

Fig. 20 shows the graphs of the first six terms of

/Aln,k(x, »). As an illustration, Fig. 21 shows a triangula-
tion of the Cornell box scene and the corresponding
rendered image.
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